
AIAA JOURNAL, VOL. 39, NO. 11: TECHNICAL NOTES 2225

2Koide, S., Loria, A. F., and Babinsky, H., “Prediction of Shock Angles
Caused by Sharp Delta Wings with Attack Angle,” AIAA Journal, Vol. 36,
No. 7, 1998, pp. 1327, 1328.

3Klunker, E. B., South, J. C., Jr., and Davis, R. M., “Calculation of Non-
linear Conical Flows by the Method of Lines,” NASA TR R-374, Oct. 1971.

4Squire, L. C., “Pressure Distributions and Flow Patterns at M D 4:0
on some Delta Wings,” British Aeronautical Research Council, Repts. and
Memoranda, R&M 3373, London, Feb. 1964.

5Lu, F. K., Settles, G. S., and Horstman, C. C., “Mach Number Effects
on Conical Surface Features of Swept Shock-Wave/Boundary-Layer Inter-
actions,” AIAA Journal, Vol. 28, No. 1, 1990, pp. 91–97.

6Rodi, P. E., and Dolling, D. S., “An Experimental/Computational Study
of Sharp Fin Induced Shock Wave/Turbulent Boundary Layer Interactions
at Mach 5: Experimental Results,” AIAA Paper 92-0749, Jan. 1992.

7Settles, G. S., and Lu, F. K., “Conical Similarity of Shock/Boundary-
Layer Interactions Generated by Swept and Unswept Fins,” AIAA Journal,
Vol. 23, No. 7, 1985, pp. 1021–1027.

8Deng, X. Y., and Liao, J. H., “Correlation ofConical Interactions Induced
by Sharp Fins and Semicones,” AIAA Journal, Vol. 31, No. 5, 1993, pp. 962,
963.

9Avduyevskiy, V. S., and Gretsov, V. K., “Investigation of a Three-
Dimensional Separated Flow Around Semicones Placed on a Plane Plate,”
NASA TTF-13578, July 1971.

10Saida, N., Ooka, T., and Koide, S., “Interaction Between Shock Waves
and Boundary Layer Induced by a Semicone Placed on a Flat Plate,” Journal
of the Japan Society for Aeronautical and Space Sciences, Vol. 33, No. 374,
1985, pp. 159–166 (in Japanese).

11Saida, N., Ogata, R., and Koide, S., “Shock Wave/Boundary Layer In-
teractions Induced by a Rhombic Delta Fin,” Journal of the Japan Society
for Aeronautical and Space Sciences, Vol. 48, No. 559, 2000, pp. 237–243
(in Japanese).

12Matsuo, K., “Shock Wave/Boundary Layer Interaction Induced by a
Rhombic Delta Wing,” M.S. Thesis, Dept. of Mechanical Engineering,
Aoyama-Gakuin Univ., Setagaya, Tokyo, Jan. 2000 (in Japanese).

A. Plotkin
Associate Editor

Dynamics of an Orbiting Flexible
Beam with a Moving Mass

D. C. D. Oguamanam¤ and J. S. Hansen†

University of Toronto, Toronto, Ontario M3H 5T6, Canada
and

G. R. Heppler‡

Universityof Waterloo,Waterloo,Ontario N2L 3G1, Canada

Introduction

T HE operation of an early version of the International Space
Station, in light of its large size and � exibility, gives reason

to examine the effects that arise when the truss is traversed by the
mobile servicing system. This has been partially investigated by
Messac.1;2

Earth-based structures have been successfullymodeled as elastic
continua with traversing loads (or masses).3¡8 These studies high-
light the in� uence of the magnitude of the traversing loads and the
travel pro� le on the system dynamics. The dynamics of beams in
general motion have been investigated by Ashley,9 Sellappan and
Bainum,10 Kane et al.,11 Meirovitch and Quinn,12 Bainum and Li,13

and Kirk and Lee.14 The models in these studies can be looked upon
as a satellite with an attached beam with a tip mass. The primary
differencebetween these and the current study is that in the present
work an additional mass is allowed to traverse the beam. The mov-
ing mass is modeled as a point mass, motion is restricted to the
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orbital plane, and the beam is modeled as an Euler–Bernoulli beam.
Simulations are performed to examine the effect of various travel
pro� les on the systemdynamics.Of particularinterestare the elastic
deformations under the moving mass and at the tip mass.

Mathematical Formulation
The system under consideration is shown in Fig. 1; motion is

restricted to the orbital plane. A satellite, modeled as a massive
rigid body with center of mass located at S? and with distance a
from the center of mass to the base of the beam, is in a circular
orbit of radius Rc about the Earth’s center O . Because the satellite
body is assumed to be much more massive than the other parts of
the system, the appendage attached to the satellite is modeled as a
beam cantilevered in the satellite � xed frame. The beam carries a
point mass payload m t at the tip of the beam, and it is traversed by
a point mass mv . The orbital frequency is !o , and the satellite spin
rate is Pµ about an axis perpendicular to the plane of the orbit.

The dynamics of the system are described by the aid of
an inertial frame located at O with the dextral orthogonal ba-
sis FF T

e D [e1; e2; e3]; an orbital frame with dextral basis FF T D
[o1; o2; o3] is also located at O and is oriented such that the o1 is
always passing through S?; a satellite body-� xed frame with dextral
basis [ s1; s2; s3] is attached at S?.

The position vectors from O, to a spacecraft differential mass
element Rs , to an elemental mass of the beam Rb , to the moving
mass Rv , and to the tip mass Rt are

Ri D Rc C ri ; i 2 fb; s; t ; vg (1)
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where the � rst and second terms are caused by the satellite and the
appendage, respectively. The penultimate term is the contribution
of the moving mass, and the last term is caused by the tip mass. The
velocities may be expanded as
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where the angularvelocityof the satellitewith respect to the inertial
frame is

E !s D ¡. Pµ C !o/e2 (6)

The time derivative of the deformation under the moving mass po-
sition dw=dt introducesa convectiveterm, which is a product of the
moving mass speed and the slope of the deformation at the location
of interest, as observed in Eq. (4).

The total potential energy is composedof the gravitationalpoten-
tial UG and the strain energy US:
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Fig. 1 Satellite-appendage-movingmass system.
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It is advisable at this juncture to introduce the following nondimen-
sional terms:
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The elasticdeformationis assumedto be expressiblein the separable
form

w.x; t/ D LbWT .» /q.t/ (10)

whereq.t/ is a columnvectorof undeterminedcoef� cientsandW.» /
is a column vector of basis functions, which are the orthonormal
eigenfunctions of a cantilever beam with tip mass. The following
de� nitions are introduced for brevity:
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Using Eq. (10) in Eqs. (2) and (7) and then forming the Lagrangian
and following Hamilton’s principle, the equations of motion, with
reference to Eq. (11), are

M Rq C C Pq C Kq D F (12)
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The matrix C can be decomposed into a gyroscopicmatrix G and a
damping matrix D and K can be decomposed into a stiffness matrix
OK and a circulatory matrix H. In Eqs. (13) the orbital motion, the
satellite spin, and the traversing mass motion all act as stiffness
modulatorsin K. These contributionswill either soften or stiffen the
beamdependingon their signs,and theextentof thecontributionwill
depend on their magnitude. The system is susceptible to instability
because Eqs. (13) have the Hill–Mathieu form as a result of the
harmonic stiffness modulators. The force vector F includes forces
induced by the coupling of the traversing mass motion with the
orbital motion and with the satellite spin motion. The remaining
componentsof the forcing term are the forces inducedby the orbital
motion and by the satellite spin motion.

In the simulations it is important to retain the nonlinear contri-
bution of the traverse speed because the beam de� ections obtained
from a linear analysis are usually smaller than those obtained with
the nonlinear analysis for suf� ciently large traversal speeds.4;6 A
modi� ed Newmark scheme8 is implemented because of the time
dependency of M, C, K, and F.

Simulation and Discussion
The material properties of the simulated beam are from Kirk and

Lee,14 except that Lb D 60 m. Three phases de� ne the travel pro-
� le of the moving mass. The phases are demarcated by the times
[0; t1; t2; t f ]; the � rst phase is de� ned by a quintic polynomial that
prescribes an acceleration from rest to a constant velocity in time
t1. The attained velocity is held constant during the second phase
from t1 ¡ t2, and in the third phase the quintic polynomial pre-
scribes a deceleration to rest at t f . The simulations are based on
an assumed 6000-s orbit period and a spin period of 600 s. Three
traversalpro� les are examined:all have t f D 60 s with, for pro� le A,
.t1; t2/ D .10; 50/; for pro� le B, .t1; t2/ D .15; 45/; and for pro� le
C, .t1; t2/ D .20; 40/. These pro� les are in ascending (descending)
order of maximum attained velocity (acceleration). The nondimen-
sional traversing and tip masses are Mv D 0:15 and Mt D 0:10, re-
spectively. All of the results were obtained by using a Rayleigh–

Ritz formulation that employed the � rst � ve modes of the structure.
These modes had the frequencies 0.5592, 3.767, 10.95, 22.01, and
37.00 Hz. Figure 2 depicts the deformation of the beam under the
moving mass for the various traversal pro� les. The beam de� ection
under the moving mass when t · 10 s does not show any signi� cant
differencesbetween the traversal pro� les. The differencesare more
pronounced on 10· t · 20, and it can be observed that the magni-
tude of the deformations occurs in decreasing order for pro� les A,
B, and C . In this segment traversal pro� le C exhibits the maximum
velocity and acceleration, followed, in order, by pro� les B and A.
With reference to Eqs. (13), the higher velocity would contribute
higher forcing and also larger stiffness modulation. The higher
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Fig. 2 De� ection under moving mass for various travel pro� les.

accelerationcontributes to a larger stiffness modulation. Given that
pro� le A displayed the maximum deformationbut the least velocity
and acceleration,it is probable that, in this example, the role played
by velocity in the forcing term dominates the combined stiffening
effects of velocity and acceleration.

At a point that is within the constant velocity phase, these three
curves cross one another so that now C exhibits the greatest de� ec-
tion, followed by B, and then A. The deformations in the constant
velocity phase indicate that the forcing terms dominate over the
stiffening components. The magnitude of the deformations across
the pro� les is proportionalto the magnitudeof the constantvelocity
attainedduringthisphase.The continuedincreasingdeformationex-
hibited by pro� les B and C is a consequenceof their longerconstant
velocity phase during which energy is further added to the system.

The magnitude of the velocity forcing term decreases over the
third phase, and the deceleration softens the stiffness modulation.
This explains the decreasing deformation experienced with each
traversal pro� le. Hence the reversal in the magnitudes of the de-
formation such that, during approximately the last 10 s, pro� le A
deforms the most, followed by B , and then C . The deformation of
pro� le B is bounded by the pro� les A and C because the velocities
and accelerationsof the traversing mass are similarly bounded.

Based on the examined pro� les, it can be inferred that, using the
relative magnitude of the deformation under the traversing mass as
a basis for comparison,the travel pro� le with the minimum constant
velocity phase duration is the best choice. Although the pro� le with
the minimum constant velocity phase duration has the maximum
constant velocity and hence experiences the greatest forcing, it re-
ceives the smallest impulse. The traversingmass acceleration is not
modulating the stiffness of the system during this phase because it
is zero. The same pro� le has the least deceleration, which corre-
sponds to the least softening effect, which in turn implies the least
deformation.

Conclusions
The systemof governingequationsfor the planarorbitingdynam-

ics of a � exible beam attached to a satellite and traversed by a mov-
ing mass show that the velocity and acceleration of the traversing
mass act as stiffness modulators. The former appears in a quadratic
form and was retained during the simulations because the velocity
at which its contribution is negligible is not intuitively evident.The
velocity of the traversing mass also contributes to the system forc-
ing term. It is inferred from the simulated travel pro� les that it is
best, based on the relative magnitudes of the system deformations,
to use a travel pro� le with the shortest constant velocity phase, or
equivalently the smallest possible accelerationsand decelerations.
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Nomenclature
t = time
"m = creep strain
"v = vibrocreep strain
¾a = stress amplitude
¾m = mean stress
! = frequency

Introduction

I N the past few decades a new generationof synthetic piezoelec-
tric polymershasemergedthatpossesstheabilityto activelyreact

to changing stimuli as a result of energy conversion from mechani-
cal to electrical and vice versa. Piezoelectric polymer systems have
been increasingly integrated in structural design as active elements
capable of sensing and responding intelligently to external stimuli.
A broad rangeof applicationsutilizingsuch functionsinclude active
vibration damping, acoustic suppression, damage detection, shape
and position control of compliant structures, and self-inspectionof
structural integrity.1;2
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